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Rapid Calculation of Heat Transfer in Nonsimilar
Laminar Incompressible Boundary Layers

Tsai-tseKao*
Foster Wheeler Energy Corp., Livingston, N.J.

and
Harold G.Elrod Jr., t

Columbia University, New York, N. Y.

The method of strained coordinates has been extended to treat nonsimilar laminar thermal boundary-layer
equations subjected to arbitrarily prescribed freestream velocity. Universal function solutions have been ob-
tained for a very large range of Prandtl numbers. One example is given. Comparison with numerical solutions
shows that the present technique is highly accurate, and lends strong support to its use for rapid estimations in
most engineering computations.
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Nomenclature
local friction coefficient, 2rw/pU2

dimensionless stream function
/3-derivative of /
reference length
radius of revolution of an axisymmetric body
radius of cylinder or sphere
Reynold's number, pU x/n
temperature
ambient temperature
wall temperature
local freestream velocity
reference velocity, also uniform freestream ve-
locity
streamwise velocity component = ((/R ) jd^/dy
transverse velocity component = - (£//? ) Jd\///dx
streamwise coordinate
transverse coordinate normal to the surface
Gortler's Principle function, =
/Ue

2dUe/dx
strained value of /?
Prandtl Number
as defined in Eq. (7)

de/d/3 ^
transformed streamwise coordinate = \

J o

= transformed transverse coordinate = Ue

kinematic viscosity
incomplete gamma function
(T-T00)/(TW-T(X)
density
wall shear stress
stream function = (2^1/00^ //2/(£,rj)
one (1) for axisymmetric flow
zero (0) for two-dimensional flow
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Introduction

THIS paper deals with a simple, yet accurate, method for
computing heat transfer coefficients in the laminar

boundary layers which do not admit similarity solutions.
Although the boundary-layer equations are of parabolic-type,
solutions depend strongly on local conditions, and in terms of
Gortler-Meksyn variables little memory of upstream history is
retained. With these variables, local boundary-layer behavior
is characterized by Gortler's Principal function and its
streamwise derivatives. Then the local similarity solution
provides a good first approximation of the flow field if the
local derivative of ft e(/3) , is small. As will be seen, an even
better approximation is provided for the thermal boundary
layer.

The asymptotic method developed recently by Kao and
Elrod1 for treating nonsimilar incompressible boundary
layers with arbitrary freestream velocity is based on the idea
that it is possible to find a shifted value of the local Gortler
Principal function 0 such that the corresponding local
similarity solution gives a good approximation to the wall
shear stress. The present paper extends the analysis as given in
Ref. 1, to include laminar thermal boundary layer, as well.
Working charts for a very large range of Prandtl number are
presented, an illustrative numerical example is given, and the
technique is compared with other methods.

Analysis
Upon application of the Gortler-Meksyn transformation to

Prandtl's thermal boundary-layer equations for an in-
compressible laminar two-dimensional or axisymmetric
steady flow about a body of revolution, * we get

f" *+ff*+&(!-/'*) = e ( P ) ( f ' d f ' / d p - f " d f / d $ ) (1)

(2)

(3)

(4)

(5)

with boundary conditions

where
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The nondimensional heat transfer coefficient at the wall is
given by

(6)

where Nu = Wk and Re=U00Vv. The £ is some reference
length.

The solutions for Eqs. (1) and (3) are given in Ref. 1. Here
we shall concern ourselves mainly with Eq. (2) and boundary
conditions (4). 6, f , and /3 are expanded in a power series of e

(7)

(8)

(9)

Upon substituting the preceding expressions into Eqs. (1-4)
and equating terms of like power in e, we find that 00 and 07
satisfies the following two sets of equations

Order unity:

(10)

(11)

Order e:

B 1(0,0) = 0 M&»)=0

(12)

(13)

where

e'=de/d/3

The A0 has been found (in Ref. 1) by requiring that/7 (j3,
e', 0)=0, so that the local similarity solution f0,
corresponding to the shifted @ = (3 — eA0 provides a good ap-
proximation (accurate through order e) to the local wall shear
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stress. For convenience, we have reproduced the results for A0
in Fig. 1 for various combinations of e' and /3. Solutions for
Eqs. (10, 11) are the usual similarity solutions with /3 replaced
by j8. These similarity solutions are well-known and can be
found, for example, in Ref. 2. A shooting technique as
described by Nachsheim and Swigert3 is used to find 6'} (/3, e',
r/ = 0). Numerical solutions for Pr = 0.7, 1.0, 5.0, and 10.0 are
obtained and asymptotic formula are developed in the Ap-
pendix. In Figs. 2-6, the solutions for Pr<10 are presented.
For Pr> 10, the solutions plotted are obtained either from Eq.
(A 16), or through interpolation between numerical and asym-
ptotic solutions.

Fig.l

0.001
0.0008

0.0006
1000



1748 T.-T. KAO AND H.G. ELROD JR. AI AA JOURNAL

Table 1 T'0(fa',0)
€>
-0.195

-0.180

-0.160

-o.iuo

-0.10

-0.05
0

0.20

O.UD
0.60

0.80

1.0

1.2

l.U
1.8

2.0

2.U

3.0
U.o

0

-3.55795

-0.99257

-0.556U9

-0.39858

-0.26180

-0.18716

-0.1U722

-0.08196

-.05795

-O.OU528

-0.03738

-0.03197

-0.02802

-0.02U99

-0.02065

-0.0190U

-0.01652

-0.01385

-0.01098

1
-2.13U77

-0.5955U

-0.5955U

-0.23915

-0.15709

-0.11230

-0.08833

-O.OU917

-0.03U77

-0.02717

-0.0022U3

-0.01918

-0.01681

-0.01U99

-0.01239

-0.011U3

-0.00991

-0.00831

-0.00660

2

-1.52U8U

-O.U2538

-O.U2538

-0.17082

-0.11221

-0.08021

-0.06310

-0.03512

-0.02U8U

-0.019UO

-0.01602 .

-0.01370

-0.01201

-0.01071

-0.00885

-C. 00816

-0.00708

-0.0059U

-O.OOU71

3

-1.18599

-0.33085

-0.33085

-0.13286

-0.08727

-0.06239

-O.OU907

-0.02732

-0.01932

-0.01509

-0.012U6

-0.01066

-0.0093U

-0.00833

-0.00689

-0.00635

-0.00551

-O.OOU62

-0.00367

u
-0.97035

-0.27070

-0.15177

-0.10870

-0.071UO

-0.0510U

-O.OU015

-0.02235

-0.01580

-0.01235

-0.01020

-0.00872

-0.0076U

-0.00682

-0.00563

-0.00519

-O.OOU51

-0.00378

-0.00300

5 6 ' 7 8

-0.82106 -0.71157 -0.62787 -0.56179

-0.22905 -0.98851 -0.17516 -0.15672

-0.128U2 -0.11130 -0.09821 -0.08787

-0.09198 -0.07972 -0.0703U -0.06293

-0.06082 -0;05236 -O.OU620 -O.U13U

-O.OU319 -0.037U3 -0.03303 -0.02955

-0.03397 -0.029UU -0.02598 -0.02325

-0.01891 -0.01639 -0.01UU6 -0.0129U

-0.01337 -0.01159 -0.01023 -0.0915

-0.010U5 -0.00906 -0.00799 -0.00715

-0.00863 -0.007U8 -0.00660 -0.00590

-0.00738 -0.00639 -0.00568 -0.0505

-0.006U7 -0.00560 -O.OOU9U ^-o.ooUU2

-0.00577 -0.00500 -o.ooUUi -0.00395

-o OOU77 -O.OOU13 -0.00365 -0.00326

-O.OOU39 -0.00381 -0.00336 -0.00301

-0.00381 -0.00330 -0.00292 -0.00261

-0.00320 -0.00277 -0.002UU -0.00219

-0.0025U -0.00220 -0.0019U -0.0017U

9
-0.50832

-0.1U181

-0.07950

-0.0569U

-0.037UO

-0.0267U

-0.02103 .

-0.01171

-0.00828

-0.006U7

-0.0053U

-O.OOU57

-o.oouoo

-0.00357

-0.00295

-0.00272

-0.00236

-0.00198

-0.00157

10

-O.U6UUU

-0.12951

-0.07261

-0.05201

-0.03U16

-0.02UU2

-0.01921

-0.10069

-0.00756

-0.00591

-O.OOU88

-O.OOU17

-0.00365

-0.00326

-0.00269

-0.002U8

-0.00216

-0.00181

-o.ooiUU

12

-0.39665

-0.11077

-0.06261

-O.OUUU2

-0.02911

-0.02082

-0.016UO

-0.00912

-0.006U5

-o.oo5oU

-O.OOU16

-0.00356

-0.00312

-0.00278

-0.00230

-0.0212

-0.0018U

-0.0015U

-0.00122

iU
-0.35071

-0.097U5

-0.05U59

-0.03898

-0.025U8

-0.01830

-0.01U38

-0.00799

-o.oo565

-o.ooUUi

-0.0036U

-0.00311

-0.00273

-0.002U3

-0.00201

-0.00185

-0.00160

-0.00135

-0.00107

16

-0.31823

-0.08806

-0.08915

-0.03506

-0.02305

-0.016UU

-0.01292

-0.00717

-0.00506

-0.00395

-0.00326

-0.00279

-0.002U3

-0.00218

-0.00180

-0.00166

-o.ooiUU

-0.00120

-0.00096

Table 2 TIO'(0,e',0)

eV/ft
-0.195

-0.18
-0.16

-0.10

-0.05
0

0.2

o.U
0.6

0.8

1.0

1.2

l.U

1,8

2.0

2.U

3.0

U.o

0

12.67901

1.17613

O.U032U

0.22073

0.05973

O.OU082

0.01782

0.01176

0.00905

0.00705

0.00652

0.00582

0.00530

O.OOU56

O.OOU29

0.00383

0.00338

0.00287

1
U. 89667

O.U5208

0.15UOU

0.08353

0.02222

0.01503 .

0.00638

o.ooUiU

0.00315

0.00259

0.00226

0.00199

0.00180

0.0015U

0.001U5

0.00130

o.ooiiU

0.00097

2

2.00116

0.18UUO

0.06268

0.03391

0.0089U

0.00602

0.00252

0.00162

0.00123

0.00101

0.00087

0.00077

0.00070

0.00060

0.00056

0.00050

o.ooouu

0.00037

3
0.6U231

0.05912

0.02007

0.01085

0.00285

0.00191

0.00080

0.00051

0.00039

0.00032

0.00027

0.0002U

0.00026

0.00019

0.00017

0.00016

o.oooiu

0.00012

u
-0.08113

-0.007U7

-0.0025

-0.00137

-0.00036

-0.00026

-0.00010

-0.0006

-0.0005

-0.0005

-0.00003

-0.00003

-0.00003

-0.00002

-0.00002

-0.00002

-0.00002

-0.00001

5 6 7 8

-O.U9651 -0.7U609 -0.89972 -0.99329

-O.OU565 -0.06859 -0.08270 -0.09139

-0.01508 -0.02375 -0.02802 -0.03097

-0.00831 -0.0125U -0.01511 -0.01670

-0.00218 -0.00327 -0.00393 -0.00780

-0.001U6 -0.00219 -0.00263 -O.OOU38

-0.00060 -0.00090 -0.00106 -0.00291

-0.00039 -0.00057 -0.00069 -0.00119

-0.06029 -O.OOOU3 -0.00052 -0.00076

-0.0002U -0.00035 -O.OOOU2 -0.00057

-0.00020 -0.00030 -0.00036 -O.OOOU6

-0.00018 -0.00027 -0.00032 -o.opoUo

-0.00036 -0.0002U -0.00029 -0.00035

-O.OOOIU -0.00021 -0.00025 -0.00032

-0.00013 TO. 00017 -0.00023 -0.00027

-0.00012 -0.00017 -0.00020 -0.00025

-0.00010 -0.00015 -0.00018 -0.00023

-0.00009 -0.00013 -0.00015 -0.00020

-0.0017

9

-i.0i|859

-0.09633

-0.03268

-0.01762

-0.00826

-O.OOU59

-0.00307

-0.00126

-0.60080
-0.00060

-O.OOOU9

-O.OOOU2

-0.00037

-0.00033

-0.00028

-0.00037

-0.0002U

-0.00021

-0.00018

10

-1.0553U

-0.098U6

-0.03336

-0.01802

-0.008U7

-O.OOU71

-0.00316

-0.00130

-0.00083

-0.00062

-0.00051

-O.OOOU3

-0.00038

-0.00035

-0.00029

-0.00027

-0.00025

-0.00022

-0.00018

12

-1.01978

-0.09236

-0.03215

-0.01757

-0.00857

-O.OOU77

-0.00319

-0.00135

-0.00087

-0.00066

-0.0005U

-O.OOOU6

-o.oodUi

-0.00037

-0.00031

-0.00029

-0.00026

-0.00022

-0.00019

IU
-0.75505

-0.07921

-0.02801

-0.01592

-0.00808

-O.OOUU5

-0.00308

-0.00137

-0.00091

-0.00070

-0.00058

-O.OOOU9

-o.ooouu

-o.ooouo

-0.00035

-0.00032

-0.00027

-0.00025

-0.00021

16

-0.28120

-0.06085

-0.02297

-0.013U8

-0.00668

-O.OOU06

-0.00287

-0.00137

-0.00096

-0.0007U

-0.00062

-0.00056

-O.OOOU6

-o.oooUU

-0.00038

-0.00035

-0.00032

-0.00028

-0.00026

Table 3 7V(&e',0)

€>
-0.195

-0.18

-0.16

-o.iU
-0.10

-0.05
0

0.2

o.U
0.6

0.8

1.0

1.2

l.U
1.8

2.0

2.U

3.0

U.o

0

10.25980

U.U0036

2.9670U

2.3611U

1.77297

i.UiUoo

1.205W-

0.82U29

0.662U9

0.568U1

0.50528

O.U5923

O.U2378

0.395UO

0.35235

0.33550

0.30796

0.2767U

0.2U1157

1
5.51370

2.36U85

1.59U55

1.26893

0.95282

0.75990

0.6U779

O.UU299

0.3560U

0.305U8

0.27155

0.2U680

0.22775

2.21250

0.18936

0.18030

0.165U9

0.1U883

0.12960

2

3-62U97

1.85U78

1.0U83U

0.83U25

0.626U3

O.U9959

O.U2589

0.2912U

0.23U08

0.2008U

0.17883

0.16226

0.1U973

0.13971

0.12U50

o.ii85U

0.10880

0.09785

0.08521

3
2.63817

1.13153

0.7629U

0.6071U

O.U5589

0.36359

0.30995

0.21196

0.17035

0.1U616

0.12993

0.11809

0.10897

0.10167

0.09060

0.08627

0.07918

0.07121

0.06201

u
2.0U212

0.87586

0.59057

O.U6996

0.35289

0.281UU

0.23992

0.16U07

0.13187

. 0.1131U

0,10057

0.091U1

0.08U35

0.07870

0.07013

0.06678

0.06129

0.055123

O.OU800

5 6 7 8

1.6U773 1.36983 1.16U77 1.00803

0.70671 0.58752 O.U9957 O.U323U

O.U7651 0.3961U 0.3368U 0.29151

0.37920 0.31525 0.26805 0.23198

0.28U7U 0.23671 0.20128 0.17U19

0.22709 0.18879 0.16053 0.13892

0.19359 0.1609U 0.13685 0.112U3 •

0.13238 0.11006 0.09358 0.08099

0.106UO 0.088U5 0.07521 0.06509

0.09129 0.07589 0.06U53 0.05585

0.08115 0.067U6 0.05736 O.OU76U

0.07375 0.061315 0.0521U O.OU512

0.06806 0.05658 O.OU811 O.OU16U

0.06350 0.08279 O.OUU89 0.03885

0.05659 O.OU70U o.oUooo 0.03U62

0.05388 O.OUU79 0.03809 0.03296

O.OU9U6 O.oUlU 0.03U96 0.03026

O.OUUU8 0.03698 0.031UU 0.02721

0.03873 0.03220 0.02730 0.02369

9
0.88U81

0.37950

0.25588

0.20363

0.15290

0.1219U

0.10396

0.07109

o.o5iiU

O.OU902

O.OU358

0.03961

0.03655

O.OU310

0.03039

0.02893

0.02565

0.02388

0.020797

10

0.78575

0.33701

0.22723

0.18083

0.13578

0.10829

0.09232

0.06313

0.0507U

O.OU353

0.03870

0.03517

0.032U6

0.03028

0.02699

0.02569

0.02358

0.02121

0.018U5

12

0.63706

0.2732U

0.18U2U

0.1U661

0.11009

0.08780

0.07U85

0.05118

o.oUiiU

0.03529

0.03138

0.02852

0.02631

0.02U55

0.02188

0.02083

0.01912

0.01720

0.01U97

iU
0.531U9

0.22796

0.15370

0.12232

0.09185

0.07325

0.062UU

O.OU270

0.03U32

0.029U5

0.02618

0.02379

0.02195

0.020U8

0.01825

0.01738

0.01595

0.01U35

0.012U9

16

O.U531U

0.19U35

0.13105

0.10U29

0.07831

0.062U5

0.0532U

0.036U1

0.02926

0.02511

0.02232

0.02028

0.01872

0.017U6

0.01556

0.01U82

0.01360

0.01223

0.01065
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The procedure for obtaining the shifted value of 0 is given
in Ref. 1. Once /3 is found, 6l can be found from Figs. 2-6.
Note that Figs. 2-6 are plotted with e' =0, 4, 8, 12, and 16.
Values of e' other than these can be obtained by interpolation
since these e' variation in 6' (0,e',0) is relatively smooth.

Numerical Example and Comparison for
Flow Over Circular Cylinder

Let us consider the example of air (Pr = 0.7) flow over a
cylinder with freestream velocity distribution given by Sch-
midt and Wenner 4 at Re = 170,000

Ue(x)/U00=3.631(x/2R) -3.275 (x/2R) 3-0.168(x/2R)5

where R is the radius of the cylinder, and x is the cir-
cumferential distance measured from the forward stagnation
point.

To demonstrate the computational procedure, we select for
our example a location at x/R = 0.5326 on the cylinder. The
values of £, 0, e, and 6' are first computed according to the
transformations given in Ref. 1, (or see definitions in No-
menclature), The computations procedure is as follows:
1) 0 = 0.375, e=-2.3597, e' =5.4690; Assume 0 =
0.40; 3) A0 from Fig. 1 is 0.044; 4) Eq. (7) gives 0 = 0.4792;
5) A0 from Fig. 1 is 0.0425; 6) Eq. (7) gives 0 = 0.475.

Further iteration yields essentially no change in 0 or A0.
With 0 = 0.475, we find that//' (0, 0) = 0.91, and 60' (0,0)
at Pr = 0.7 is -0.4678. By interpolation with Figs. 2-6, we
find that 0; (0, e', 0)= -0.005. Therefore, from Eq. (9) we
get (9' = -0.4569. Thus (NuL/^lReL) =0.6973.

A difference-differential numerical solution has been
programmed by us for the purpose of comparison. The non-
dimensional shear stress is given in Fig. 7. The superiority of
the present solution method over local similarity is obvious.

Results for the Nusselt coefficients are shown in Fig. 8.
Here the local similarity solution does quite well. The series
solution of Frossling which show considerable divergence for
x/2R >0.5. Figure 9 compares profile at x/2R = 0.52336.

Conclusion
The method of strained coordinates has been extended to

treat the laminar thermal boundary layers with nonsimilarity

arising from arbitrarily prescribed freestream velocity.
Working charts and tables for a large range of Prandtl num-
bers are presented to facilitate computation, and a numerical
example is given. The simplicity and accuracy of the present
technique recommends its use in engineering calculations.

Appendix
We shall develop an asymptotic solution for higher Prandtl

number in this Appendix. First we want to change the depen-
dent variable 77 to f= (Pr) 1/3r?. Next we shall expand f0t flf

(dOo/B0), B09 and 0, in power series of (Pr)
Particularly, we let

+ ... (Al)
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Fig. 9 Comparison of nondimensional temperature profile at x/2R
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Fig. 7 Comparison of nondimensional shear stress for flow over a
circular cylinder.

The procedure for obtaining 00 (f) here as Pr— oo is essen-
tially the same as that given by Morgan and Warner.6

Upon substituting Eq. (Al) into Eq. (10, 11) and equating
terms of powers of (l/Pr) l/3, we find that

#2

H0(0)=l, h0(oo)=0

, .. &?.->,. P . -»,

where
a2=fo(&,0)

(A3)

(A4)

(A5)

(A6)

The solutions for /I0 and h, can be put into closed forms, and
are given by

.3 -U .5 .6 .7
X/2R

Fig. 8 Comparison of nondimensional heat transfer coefficients.

Thus

•(4)
(A7)

(A8)

(A9)
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T ui A ^ .Table 4 Comparison for |~0/(0) Asymptotic 1
— —— \Pr=

L 0/(0) Numerical J
10

-0.160

-o.2igk -o.oSiU -O.QU56 -0.0226
-0.2L76 -0.081+2 -0.01+73 -0.0259

-0.0353 -0.01U7 -0.0090
-0.01146 -0.0090

-O.OOU9
-0.001+9

A comparison between Eq. (A9) and numerical solutions
given in Ref. 2 shows that this asymptotic expression is highly
accurate. T0 ( f ) is found to satisfy the following equation

(A10)

(All)

where

can be split into two parts, namely

(i—e A0) 6

so that Tw ( f ) and Tn ( f ) satisfy the following

(A12)

(A13)

(A14)

(A15)

The solutions for Eqs. (A10-A15) are obtained numerically.
Particularly, 7^(0), T'IO(1Q), and T'n(Q) for various com-
bination of e ' and 0 are given in Tables 1-3.

The asymptotic solution for 07 ' (& e ', 0) as Pr— oo is given
by

(A16)

Comparison between the numerical solution and Eq. A16
given in Table 4 for the case of Pr= 10, shows that the asymp-
totic formula is quite accurate.
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